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A b s t r a c t  

It is shown that a coordinate system with simple coordinate conditions can be chosen 
such that one can explicitly see that the Schwarzschildian mass of an asymptotically 
Euclidian time-symmetrical system of gravitational waves is equal to zero. It is explicitly 
seen in the coordinate system with coordinate conditions bi(-gg ik) = 0 and in the set of 

. .  o i -  his c n e coordinate systems with the coordinate condmon 8i(-gg ) - O. tn t " set of oordi at 
systems one of*he field equations can be written in the form - 8n ~ ( - g ) ( T o  ° - ½T) = 
0aLo °a where L~ n = ½ x/(-g)l~mnF~m - gkmFVtrn) , ~ = 1, 2, 3, From this equation it 
follows that m = 2 f (To o - 7T) ~/(-g) dV, and m = 0 at Ti k = O. 

1, I n t r o d u c t i o n  

The problem of  the energy of  gravitational waves has been discussed in 
many papers. For example, the following results have been obtained: (1) 
gravitational waves have a negative energy (Hu, 1947; Peres, 1959; Havas & 
Goldberg, 1962; Sexl, 1966; Petrov, Piragas & Dobrovolsky, 1968); (2) the 
energy of  gravitational waves is equal to zero (Brdicka, 1951; Infeld & 
Sheidegger, 1951; Sheidegger, 1951, 1953, 1955; Infeld, 1953, 1956, 1959; 
Infeld & Plebansky, 1960; Rosen, 1956; Weber & Wheeler, 1957; M~ller, 
1958; Trautman, 1958; Dirac, 1959; Capella, 1961; Pirani, 1961; Misner, 
1963; Cahen & Sengier-Diels, 1963; Langer, 1963; Kuchar & Langer, 1963; 
Shirokov, 1971, 1972; Folomeshkin, 1970; Vlasov, 1971); (3) gravitational 
waves have positive energy (A_raM, 1959; Brill, 1959; Arnowitt ,  Deser & 
Misner, 1960; Trautman, 1958; Komar, 1963; Brfll, Deser & Fadeev, 1968; 
Brill & Deser, 1968); (4) the energy of  gravitational waves is indefinite (Vu 
Thanh Khiet,  1965). 

In most  papers the energy o f  the gravitational waves was determined with 
the generalised complex ( 'pseudotensor ' )  o f  the 'energy-momentum' .  It is 
known that  the generalised complex has no relation to the usual not ion o f  
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the energy-momentum in the general case and to the correct covariant 
formulation of the energy-momentum problem (Fotomeshkin, 1967, 1969, 
1971, 1972). The results obtained with the generalised complex have no 
definite physical sense and their disagreement is not astonishing. This fact 
is known from the first years of existence of General Relativity (Lorentz, 
1916a, 1916b; Schr6dinger, 1918; Bauer, 1918; MNler, 1964). 

The determination of the Schwarzschildian mass of  a closed, finite, 
asymptotically Euclidian system of gravitational waves according to the 
asymptotic gravitational field of this system has more definite sense (Araki, 
1959; Brill, 1959; Arnowitt, Deser & Mimer, 1960; Brill, Deser & Fadeev, 
1968; Brill & Deser, 1968). For a simple case of the time symmetrical gravita- 
tional waves this problem was examined by Brill (1959). He showed that if 
the mass of  the t-symmetrical asymptotically Euclidian system is different 
from zero then it will begpositive. But can the mass of such a system be 
different from zero at Ti = 0? 

The present paper shows that a coordinate system with simple coordinate 
conditions can be chosen such that one can explicitly see the Schwarzschildian 
mass of the asymptotically Euclidian t-symmetrical system of the gravitational 
waves is equal to zero when Ti x = O. 

2.I l lustrat ion o f  the Brill's Resu l t  

The essence of Brill's result (Brill, 1959) can be easily seen after the 
simplest example of a statical spherically symmetrical system. Let the metrics 
of such a system have the form 

dS  2 = e" d t  2 - eg(dr 2 + r 2 dO 2 + r  2 sin 2 0 &o ~) (2.1) 

The equation for the To o component has the form 

_8~roOe .  __ r =LK(ar r2 -fira") +¼0u/ar)= (2.2) 

At r -+ % e u -+ (1 + m/(2r ) )  4. 
Let us integrate (2.2) over three-dimensional volume. We obtain 

m - 327r 
(2.3) 

We see that at T ° = 0 the value of the Schwarzschildian mass is not 
negative. This is Brill's result. (Brill considered t-symmetrical an axially 
symmetrical system.) 

If besides the equation for T ° we take into account the equations for 
other components of  Ti k then the following expression is known to be for 
the Schwarzschildian mass of the static system (Nordstr5m, 1918; Tolman, 
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1930; Whittaker, 1935; Papapetrou, 1947) 

m = 2 f (T ° - ½ T) x / ( -g)  d V (2.4) 

From (2.4) it follows directly that 

m = 0  when Ti k =0 (2.5) 

Result (2.5) can also be obtained in another way. Let us use the 
coordinate system with the metrics 

dS a = e x dt  2 - e ~ dr 2 - r2 (dO 2 + sin 2 0 d~o 2) (2.6) 

Then from the equation for T ° 

1 3 
-87rT°° = ~-~r  [r(e-U - 1)] (2.7) 

it follows that 

m = f T ° (4m a dr) (2.8) 

and, consequently, condition (2.5) is valid. 
This simplest illustrative example shows that to stabilise Brill's result we 

should try: (1) to use othe r field equations in addition to the equation for 
To O; (2) to use a coordinate system in which we can explicitly see the depen- 
dence of the asymptotical metrical tensor on the components of T/q  

3. The Choice o f  the Coordinate System 

As is known the scalar curvature R can be divided into two parts 

R = G +~--~_g) 3kw k (3.1) 

where the quantities G and co k have the form 

G = o P m ( p n  p s  s n o .- p~-.~. - G~P~;m), (3.2) 
n m wk = ~/(_g)(gmnVkmn . gk Fnm) (3.3) 

One of the known coordinate conditions is the harmonic coordinate 
condition (De Donder, 1921 ; Lanczos, 1923; Fok, 1961) 

3k(X/ ( -g )g  ik) = 0 (3.4) 

Other possible coordinate conditions are the following 

3k ( -gg  ik) = 0 (3.5) 
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In the coordinate system which satisfies condition (3.5) the scalar curva- 
ture R does not contain second derivatives of the metrical tensor and takes a 
simple form 

R = G (3.6) 

In this coordinate system the generalised Einstein (1916) complex 

1 (G OG _n \ Oi k = ~ \ 8 i  e - ~---~k n g}" ) (3.7) 

coincides with the generalised Lorentz (1916) complex 

t ],J " J 
(here gmggn = alcgmn), and Freud's (1939) superpotential coincides with 
M~bller's (1958a, b) superpotenfiat. Therefore the coordinate system which 
satisfies condition (3.5) possesses a number of important advantages (at least 
from the theoretical point of view). 

Let us consider the problem of the Schwarzschildian mass of the t- 
symmetrical system of gravitational waves in this coordinate system. 

4. Mass o f  T-Symmetrical Gravitational Waves 

In the coordinate system which satisfies condition (3.5) the gravitational 
field equations 

8rrTi k = Ri k - ½ 8 ikR (4.1) 
take the form 

SnTi k _ 1 anLgi n - 8nOi ~ (4.2) x/(-g) 

where the superpotential L~ n is 

L/kn = ½ x/ ( -g)(gmnF~ -g tCmF~)  (4.3) 

Bearing in mind result (2.4) let us write equation (4.2) in the form 

1 l BG g~nin (4.4) 
-8~( r ,  k - ½87z) = 727_g a.L~" 2 a ~ "  ' 

and integrate the equation for the Ko ° component over the three-dimensional 
volume. We then obtain 

1 f 3aLg ~ d V  l'nm--~ 

a-Bo.N' , / ( -g )dV (4.5) 
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where a = 1, 2, 3. For the t-symmetrical case when 

g~non = 0 (4.6) 

equality (4.5) takes the form (2.4) from which (2.5) follows. 
Result (2.5) can also be obtained at less stringent restrictions than (3.5) 

for the coordinate system. Instead of four conditions (3.5) let us demand that 
our coordinate system should satisfy one coordinate condition 

3 1 c ( - g g  ° k )  = 0 (4.7) 

For the time-orthogonal metric condition (4.7) is equivalent to the condition 

g~fla0g~t~ = 0 (4.8) 

If, for example, the metric has the orthogonal form 

d S  2 = e ~ d t  2 - e x d r  2 - c u r  ~ d O  2 - e a z  2 sin 2 0 d~ 2 (4.9) 

or  

d S  2 = e v d t  2 - e x dp 2 - e u d z  2 - c a p  2 d~o 2 (4.10) 

then coordinate condition (4.8) is satisfied deliberately, for example, at 

X + 0 ' + o = O  (4.11) 

The latter condition is more stringent than (4.8) but in most practical 
cases (e.g. for all axially symmetric metrics (4.10)) it is a permissible coordinate 
condition. 

Using the simple coordinate transformation 

r = #-exp (-0./4) (4.12) 

where 

exp (0") = 1 + 2 m / ? + ~ - ( m / F ) 2 +  . . .  ' (4.13) 

the usual Schwarzschildian metric (2.6) is transformed to the form 

d S  2 = e v d t  2 _ e ~ d r 2  __ e - ~ / 2  f 2 ( dO  2 + sin 2 0 dtp 2) (4.14) 

which satisfies condition (4.11). In this case 

e v = 1 - 2 r e l y  - ( m / f )  2 - 3(m/f)  3 . . . .  (4.15) 

In the arbitrary coordinate system field equations (4.1) can be written 
in the form 

k - ½8fT)= + 1  , 
2 ~grffkn 

(4A6) 
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Having integrated T ° equation, we obtain the expression for the 
Schwarzschildian mass of  the arbitrary asymptotically Euclidian system 

f 1 f (  ~ o g n ) G g ~ o  n )  m = 2  (To ° - ½ T ) ~ / ( - g )  d V -  - ~  Ooa~ ° -r d V  (4.17) 

For the t-symmetrical gravitational waves in the coordinate system which 
satisfy condition (4.7), equality (4.17) takes the form (2.4), and we obtain 
relation (2.5). 

5. Conclusion 

The fact that the Schwarzschildian mass of  the t-symmetrical asymptotically 
Euclidian gravitational waves is equal to zero never means that  the space is 
flat in the region considered or that the gravitational waves are undetectable. 
Coordinate conditions (3.5) and (4.7) do not demand, by  no means, realisa- 
tion of  the condi t ionRimm = 0. In the experiment we determine a mechanical 
effect of  the gravitational waves on the detector. This effect is simply determined 
with the curvature tensor and has no direct relation to the Schwarzschildian 
mass of  any closed system of  the gravitational waves. This problem has 
been sufficiently discussed, for example by  Weber & Wheeler (1957), who 
have shown that  the cylindrical waves (Einstein & Rosen, 1937; Rosen, 1953, 
1956) for which Oi k = 0 are characterised with the non-zero curvature tensor 
and exercise a mechanical influence on the detector. 
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